This paper studies the asymptotic stability of traveling relaxation shock pro les for hyperbolic systems of conservation laws. Under a stability condition of subcharacteristic type the large time relaxation dynamics on the level of shocks is shown to be determined by the equilibrium conservation laws. The proof is due to the energy principle, using the weighted norms, the interaction of waves from various modes is treated by imposing suitable weight matrix.
Introduction
We are interested in stability of relaxation shock pro les for a system of conservation laws u t + f(u) x = 0; u 2 IR n ; x 2 IR: ( 
1.1)
The simplest discontinuous solution to (1.1) is of the form u(x; t) = u ? + (u + ? u ? )H(x ? st) (1.2) with H(x) being the usual Heaviside function; the quantities u and s are related by the Rankine-Hugoniot relation f(u + ) ? f(u ? ) = s(u + ? u ? ) (1.3) and satisfy Liu's strict entropy condition (stated later).
Institute of Analysis and Numerics, Otto-von-Guericke-University Magdeburg, PSF 4120, 39106 Magdeburg, Germany. Email: hailiang.liu@mathematik.uni-magdeburg. de Relaxation e ect is known to provide a subtle dissipative mechanism for discontinuities against the destablizing e ect of nonlinear response 9] . In this paper we consider the following well-known semilinear hyperbolic relaxation system u t + v x = 0; v t + au x = 1 (f(u) ? v): ) (1.4) Here is a positive constant representing the rate of relaxation and a > 0 a constant satisfying the stability condition (1.8). System of this kind was originally introduced by for numerical purposes. This model possesses the kye features of a more general hyperbolic relaxation system, thus serves as an ideal model problem to understand the more general ones.
The relaxation phenomena are important since they arise in many relevant physical situations as the kinetic theories, elasticity with memory, chemically reacting ows and the theory of linear and nonlinear waves, (see, for example, Whitham 21] ). The relaxation model (1.4) can be loosely interpreted as discrete velocity kinetic equation. The relaxation parameter, , plays the role of the mean free path and the system models the macroscopic conservation laws. In fact when is small, solutions of (1.4) are expected to approach the equilibrium states v = f(u). With v = f(u), the rst equation in (1.4) becomes (1.1). The system (1.1) is called the equilibrium system of the full system (1.4). Rigorous justi cation of this passage from (1.4) to (1.1) has recently been performed by Serre 19] . Our interest in this paper is the asymptotic stability of relaxation shock pro les. Under the stability condition (1.8) below, (1.4) has smooth traveling wave solutions of the form u(x; t) = ( x ? st ); v(x; t) = ( x ? st ) (1.5) satisfying ( ; )( 1) = ?(u ) (1.6) with ?(u) = (u; f(u)) being the equilibrium states. The function ( ; ) is called a \relaxation shock pro le". It is expected that a discontinuous solution of the form (1.2) is the limit of special smooth solutions ((x?st)= ) under reasonable conditions. The problem of this kind for a class of 2 2 hyperbolic relaxation systems was rst proposed by 9]. Therein he made an important observation that the admissible shock wave can be smoothed out by the relaxation e ect if (and only if) the subcharacteristic condition is imposed. In fact the subcharacteristic condition plays a similar role to the CFL condition for numerical approximation. The condition of this kind requires that the limit of domain of dependence for the approximation system contains the domain of dependence for original system. One naturally expects that relaxation shock pro les (1.5) are also strongly stable as solutions of (1.4), as the fact con rmed previously for the 2 2 relaxation system (i.e., the equilibrium equation is a scalar law), see for for between 0 and + , where the parameter = l k (u ? ) (u( ) ? u ? ) parametrizes the k-th Hugoniot curve u( ) = u( ; u ? ) passing through u ? and u + = u( + ).
In this paper we restrict ourselves to the non-degenerate shocks, i.e., k (u + ) < s < k (u ? ).
We can now formulate our main result ( xing = 1 henceforth). Note that the present result restricts to perturbations with zero total mass in u-component, so there are no di usion waves. Consult 1] for the decay estimate of di usion waves when the equilibrium system is a scalar law . For the hyperbolic relaxation problems, the initial disturbances propagate along the characteristics of the full system (1.4), whose waves will have important roles to play. Yet the equilibrium system (1.1) are expected to determine the large time relaxation dynamics under stability condition (1.8). The key is to clarify further the roles of waves for (1.4) and waves for (1.1), and to see how each set modi ed by the presence of the other. Here we concentrate on the semilinear system (1.4). Recently the existence of relaxation shock pro les for quite general hyperbolic relaxation systems has been considered by Yong and Zumbrun 22] . It would be interesting to extend the present result to more general situations.
In the proof of this theorem we use the elementary energy principle. The nonlinear stability analysis for hyperbolic relaxation problems by energy method dates back to work of Liu 9] . The main task of this paper is to establish the basic energy inequality of the form
A combination of this estimate with some higher estimates leads to the desired a priori estimate. To establish this basic energy inequality we proceed through several steps. First we diagonalize the lower order wave part U t + f 0 ( )U x as suggested by Goodman 3] , and then choose suitable weighted multipliers, such that one gets a useful relaxation energy function and also a corresponding dissipative energy under the stability condition (1.8). For the contributions from the wave modes of U t + f 0 ( )U x , we use suitable weight matrix. For the shock wave associated with possibly non-convex mode, the weight of Fries 2] can be used here, for other wave modes we choose individual weights for a valid control. The interaction of waves from di erent modes as well as from di erent levels (full system and the equilibrium one) is carefully treated by using the structure of shocks and the choice of weight matrix. The smallness of shock strength is essentially used in the interaction estimates.
The paper is organized as follows. In Section 2 we will state the existence and properties of the relaxation shock pro les. The reformulation of the problem was made in Section 3. The key energy estimate is established in Section 4. To close the energy analysis we make the higher estimates in Section 5. If k (u) is gunuinely nonlinear and ju ? ?u + j is small, Liu's strict entropy condition (1.7) is equivalent to Lax's shock condition k (u + ) < s( + ) < k (u ? ): These entropy conditions combined with the condition (1.8) ensure the existence of the relaxation shock pro les. The existence proof for weak shocks, under the assumptions of the stability theorem, is a special case of the results of Yong and Zumbrun 22] . Due to the special structure of the system (1.4) the existence and some properties of the relaxation shock pro les can be easily reduced to the viscous case as we indicate below. . The simplicity of k shows that there is a ball around ?(u ? ) such that for su ciently small these are the only critical points in this ball. Thus we could restrict our attention to this ball and to these of . The basic tool here is the center manifold construction.
Let~ be arbitrary, then (?(u ? );~ ) and (?(u + ); + ) are critical points for suspended system, (2.10)-(2.11) and z = 0. To simplify the connection problem we may restrict on the curve S(u; The local existence can be proved via a classical iteration scheme and a short time energy estimate, see Majda 17] . A priori estimates will be investigated in Section 4-5. Equipped with the above theorems, we turn to the Proof of Theorem 1. 
4 Energy Estimates
This section contains the basic energy estimate. Now we proceed into several steps.
Diagonalization
It is expected that the large-time dynamics will be determined by U t + Q 0 ( )U z = 0. To make full use of this underlying hyperbolic properties, we rst diagonalize 
Weighted Multipliers
We begin with the construction of energy functions by suitable multipliers.
Multiply (4.3) by V T w, where w =diag(w 1 ; ; w n ) and Here the function E 1 (t) is called the relaxation energy which is bounded by the initial one. E 2 (t) will be positive under the relaxation stability condition (1.8), the dissipative energy of this kind makes the small perturbations decay to zero. The key is to carefully choose weight matrix w such that G 1 (t) is also positive. This term re ects the contribution from each wave modes. The interaction of waves from various modes is contained in G 2 (t). The terms in G 2 can be estimated by using the properties of and the weight w, and will be majored by the E 2 (t) + G 1 (t) for weak shocks.
Weight Matrix
Now we choose w such that there exists a constant c 0 > 0 G 1 (t) c 0 (V; j z jV ):
For this purpose one needs to separate the principle wave mode from the other wave modes. For A(z) = (a ij )(z), we write G 1 (t) as for suitable x 0 which is chosen to x a location on the shock curve. Moreover, this weight satis es jw k ( k ? s) + w kz j 4 ; (4.11) j (w k z ) z j 4 j z j; (4.12) j w k z j 8 2 ; (4.13) ja kk j = j z j Using this lemma and choosing C i appropriately, we bound the G 1 (t) from below. Here we have taken suitably large C i and then su ciently small to recover the desired estimate claimed in (4.9).
Dissipative Energy
Before continuing the argument, it is necessary to show the positivity of E 2 (t) under stability condition (1.8). Remark 1. For scalar law, the weakness of shocks implies the subcharacteristic condition as shown here for the principle wave mode i = k. But for system case the stability condition (1.8) is essentially needed for controlling the other wave modes.
Interaction Estimates for G 2 (t)
The next step in the argument is to estimate the terms grouped in G 2 (t) such that it can be majored by Before going further, we collect some estimates which will be used repeatedly. Using the bounds C This concludes the proof of Theorem 4.1.
Higher Estimates
We complete the proof of Theorem 3.2 by providing the necessary estimates on the derivatives of (P; V ). Having the basic L 2 energy estimate, Theorem 4.1, at hand, one can establish the higher estimates quite easily as we show below. where for 0 = diag( 1 ; ; n ) E 1l (t) = 1 2 (V l ; V l ) + (V l ; P l ) + (P l ; P l ) + a(V l+1 ; V l+1 ); E 2l (t) = (P l ; P l ) + 2(P l ; 0 V l+1 ) + a(V l+1 ; V l+1 ); Q l (t) = V l + 2P l ; D l ( MV ) + D l ( V z ) ? (D l 
